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Abstract
In this article we study thermodynamics of the regular black holes with Bardeen-AdS
black hole. The cut-off radius which is the minimal radius of the stable Bardeen-AdS black
hole have been got from temperature and heat capacity analysis respectively. Moreover,
the thermodynamical stability of the Bardeen-AdS black hole is learned by the Gibbs free
energy and the heat capacity. In this work we find the similar characteristics to the Van
der Waals liquid-gas system.
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I. INTRODUCTION
Lots of interesting phenomena have been presented by physicists after many years
of researches about black hole thermodynamics. Since Hawking and Page[1] firstly
studied the thermodynamic properties of AdS black holes and found the certain phase
transition in the phase space, the thermodynamic properties of different black holes,
such as Kerr-Newman black holes in AdS space[2], regular black holes[3] and charged
AdS black holes[4] have been discussed. Moreover, it was shown that such phase
transitions appeared not only in AdS space, but also the asymptotically dS space
and flat space[5]. On the other hand, thermodynamics of black holes in AdS space
has drawn more attention due to the AdS/CFT (conformal field theory) duality[6].
AdS/CFT duality led to a new way for studying the phase transitions of AdS black
holes in the dual field[7].
Generally, black holes have singularities inside the horizons where the curva-
ture scalar goes to infinity, which has inspired many researchers to construct the
singularity-free black holes, called regular black holes. Bardeen in 1968 obtained a
black hole solution without a singularity which was now well known as the Bardeen
black hole[8]. In 2000, Ayo´n-Beato and Garc´ıa showed that the Bardeen black hole
could be interpreted as a gravitationally collapsed magnetic monopole arising in a
specific form of nonlinear electrodynamics[9] and gave the corresponding Lagrangian
for the suggested nonlinear electrodynamics. Therefore, the stress energy tensor of
nonlinear electrodynamics worked as the source of Einstein field equations. In recent
years, Bardeen black hole has drawn more attention. Moreno and Sarbach[10] studied
the dynamical stability properties of the Bardeen black hole and other regular black
holes. The thermodynamical stability of black holes with nonlinear electromagnetic
fields was researched in [11]. Quasinormal modes of the Bardeen black hole have also
been studied by [12][13]. And the thermodynamic quantities of the Bardeen black
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hole have been addressed in [14][15][16]. Moreover, Sharmanthie Fernando studied
the Bardeen black hole in de-Sitter space[17].
II. THE BARDEEN BLACK HOLES IN ADS SPACE
The Bardeen black hole is known as a black hole without singularity, and it can
be interpreted as a gravitationally collapsed magnetic monopole arising in a specific
form of non-linear electrodynamics [9].The corresponding action with Λ term can be
given by
S =
∫
d4x
√
−g′
[
(R− 2Λ)
16pi
− 1
4pi
L(F )
]
. (1)
Here, R is the scalar curvature, g′ is the determinant of the metric tensor, Λ is the
cosmological constant and L(F ) [9]is a function of F = 1
4
FµνF
µν given by
L(F ) = 3
2sg2
( √
2g2F
1 +
√
2g2F
) 5
2
. (2)
The parameter s in the above equation is given by |g|
2M
where g and M corresponds
to the magnetic charge and the mass of the black hole. The field strength of the
non-linear electrodynamics is Fµν = 2∇[µAν]. The field equations of motion derived
from the action in Eq.(1) is given by
Gµν + Λg
′
µν = 2
(
∂L(F )
∂F
FµλF
λ
ν − g′µνL(F )
)
, (3)
∇µ
(
∂L(F )
∂F
F νµ
)
= 0, (4)
∇µ(∗F νµ) = 0. (5)
Then, we consider the line element of the Bardeen-AdS black hole as
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2, (6)
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where f(r) = 1 − 2m(r)
r
and dΩ2 stands for the standard element on the unit two-
sphere. Following the ansatz for Maxwell equation Fµν = 2δ
θ
[µδ
φ
ν]Z(r, θ) [9]and with
the help of Eq. (4), we can get
Fµν = 2δ
θ
[µδ
φ
ν]g(r)sinθ. (7)
Using the condition dF = g(r)sinθ dr∧dθ∧dφ = 0, we conclude that g(r) = const. =
g. Hence, the field strength is Fθφ = −Fφθ = gsinθ with F = g22r4 . Substituting the
expression in Eq. (2), we get
L(F ) = 3Mg
2
(g2 + r2)
5
2
. (8)
Moreover, the tt component of Eq. (3) can yield a solution for m(r) with
m(r) =
Mr3
(g2 + r2)
3
2
− r
3
2l2
. (9)
So the metric of Bardeen-AdS black hole is
f(r) = 1− 2Mr
2
(g2 + r2)
3
2
+
r2
l2
. (10)
It would be convenient to write the metric f(r) as
f(a) = 1− 2ma
2
(Q2 + a2)
3
2
+ a2, (11)
where a = r
l
, m = M
l
, Q = g
l
. Then, we can get the minimum radius with
f(a) = ∂f(a)
∂a
= 0 and ∂f(a)
2
∂2a
|ac > 0, which is
ac =
√
−1 +
√
1 + 24Q2
√
6
. (12)
When
f(rh) = 0, (13)
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we get
M = (1 +
r2h
l2
)
(r2h + g
2)
3
2
2r2h
. (14)
The pressure in AdS black holes corresponds to the Λ with
P = − Λ
8pi
=
3
8pil2
, (15)
and the Hawking temperature T can be obtained from the first derivative of f(r) at
the horizon [18]
T =
κ
2pi
=
f ′(rh)
4pi
=
3rh
4pi(r2h + g
2)
+
3r3h
4pi(r2h + g
2)l2
− 1
2pirh
. (16)
It can come back to Schwarzschild AdS black holes [1] when g = 0. It can also back
to Bardeen black hole without cosmological constant [16]. The entropy S of the black
hole satisfies
S =
A
4
= pir2h, (17)
where A is the area of the horizon.
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Fig. 1. Plot of the Hawking temperature respect to rh. The g increase from top to
bottom. We have set l = 1, and g = 0.05, 0.0986571, 0.2 from top to bottom.
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A. Hawking temperature
As can be seen from FIG.1, when g is large enough, the Hawking temperature
respect to rh is increasing monotonically. It is interesting that rich phenomena will
be showed when g becomes small enough. There is a critical value of g. Using
∂T
∂rh
= 0,
∂2T
∂2rh
= 0, (18)
and a appropriate solution is
gm =
√
219− 13√273
12
√
3
l. (19)
The others are negative or not real. gm is a critical value, that is to say, when g > gm,
there is just a black hole without the second-order phase transition. Phase transition
will be turned on while g ≤ gm.
So the Bardeen-AdS black hole can be strongly influenced by parameter g. There
is also another phenomenon that the Bardeen-AdS black hole can not be infinitesimal,
one can also easily calculate the minimal radius, when
T = 0, rs =
√√
l2(24g2 + l2)− l2
√
6
, (20)
which is same with Eq. (12). In our article, we call rs cut-off radius. When one
get a radius rh of Bardeen-AdS black holes by other method, the rationality of it
should be discussed in our framework. A comparison with rm is necessary. If it is
smaller than the cut-off radius, the discussion of the black hole of this state would
be meaningless.
B. Gibbs free energy
In this subsection, we study the Gibbs free energy in grand-canonical ensemble.
Because the black hole mass M can be regarded as the enthalpy H in AdS space[19],
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the Gibbs free energy can be written as
G = M − TS. (21)
Then we calculate out:
G =
(g2 + r2h)
3
2 (1 +
r2
h
l2
)
2r2h
− rh(−2g
2l2 + l2r2h + 3r
4
h)
4l2(g2 + r2h)
. (22)
A figure of G respect to rh is plotted as Figure 2. As can be seen from FIG. 2, there
0.2 0.4 0.6 0.8 1.0 1.2 1.4
rh
-0.4
-0.2
0.2
0.4
0.6
G
Fig. 2. Plot of the Gibbs free energy of rh. The g decrease from top to bottom.
We have set l = 1, and g = 0.2, 0.0986571, 0.05 from top to bottom.
is no extreme value point for g > gm. As for g < gm, there are two extreme value
points. And there is only an inflection point for g = gm. It is obvious that the value
of g has something to do with the phase transitions. In all the cases, the curves
cross the horizontal axis and G change from positive to negative. And second-order
phase transition will occur only for g ≤ gm. We will study these carefully in next
subsection. The Gibbs free energy becomes very large when rh is small. It is well
known that when the Gibbs free energy is lower, the system is more stable and vice
versa. So, the Bardeen-AdS black hole is very unstable when radius of event horizon
is small. It is consistent with the result we have illustrated before. Conversely, when
the Bardeen-AdS black hole is large enough, it will be stable.
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C. The heat capacity
The thermodynamical stability is usually studied by analysing the behaviour of
the entropy S. The stability requires that the entropy hypersurface lies everywhere
below its family of tangent hyperplanes, i.e. the entropy must be a concave function of
the entropic extensive parameters. This requires thermal capacity must be positive.
So, in this section, we study the heat capacity. There are three cases for g < gm,
g = gm and g > gm. We will discuss respectively in this subsection. Generally, the
heat capacity is obtained as
Cp = T
∂S
∂T
|p = 2pir
2
h(g
2 + r2h)(−2g2l2 + l2r2h + 3r4h)
2g4l2 − l2r4h + 3r6h + g2(7l2r2h + 9r4h)
. (23)
When Cp = 0, there are four solutions, the reasonable one that we get is
rs =
√√
l2(24g2 + l2)− l2
√
6
, (24)
which is the same with Eq. (12) and Eq. (20). As can be seen before, rs is cut-off
radius, and the Bardeen-AdS black hole is unstable when rh < rs. From the heat
capacity, we all know that black holes are stable when Cp > 0. which is the classical
thermodynamical stability condition[20]. So we get the same conclusion through
both Hawking temperature and heat capacity.
When the heat capacity is divergent, the second-order phase transition will occur.
We can calculate it by setting
2g4l2 − l2r4 + 3r6 + g2(7l2r2 + 9r4) = 0. (25)
When 0 < g <
√
73l2
144
− 13
144
√
91
3
l2 and l > 0, the function has two real positive
solutions, which are
r1 = (− g2 + l
2
9
+
9× 2 13 g4
A
− 9× 2
1
3 g2l2
A
+
2
1
3 l4
9A
+
1
9× 2 13A)
1
2 ,
(26)
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r2 = (− g2 + l
2
9
− 9g
4
2
2
3A
+
9i
√
3g4
2
2
3A
+
9g2l2
2
2
3A
− 9i
√
3g2l2
2
2
3A
− l
4
9× 2 23A +
il4
3× 2 23√3A
− 1
18× 2 13A −
1
6× 2 13√3iA)
1
2 ,
(27)
where
A = (− 1458g6 + 1701g4l2 − 243g2l4 + 2l6
+ 27(1944g10l2 − 3915g8l4 + 1990g6l6
− 19g4l8) 12 ) 13 .
(28)
It is obvious that there are two divergent points. And we plot pictures to study in
detail.
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Fig. 3. Plot of the heat capacity respect to rh. We have set l = 1, and g = 0.05.
As can be seen from FIG. 4, when rh is smaller than rm the heat capacity is
negative, which also shows the minimal radius is rm. The two divergent points are
also shown in FIG. 3. This means the second-order phase transitions will occur
at those points. The heat capacity changes from positive to negative at the first
divergent point, the case at the second point is inverse. Generally, the volume of
black holes is not changed while second-order phase occurs. It is just from stable
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Fig. 4. Partial enlarged drawing of FIG. 3 at first divergent point.
state to unstable state and vice versa. Between the two divergent points, the heat
capacity is negative, this is an intermediate state which is unstable. The detailed
information about this state needs to be researched in the future, and ref. [21] can
give some advice.
When r1 = r2, one can solve
g =
√
219− 13√273
12
√
3
l. (29)
In this case, two phase transition points degenerate into one. That means it is the
critical phase transition. So, it is not strange that Eq. (19) and Eq. (29) have the
same result.
As can be seen from FIG. 5, there is only one divergent point. We can also see
from FIG. 6, when rh is smaller than rm the heat capacity is negative, and positive
for rh > rm. After phase transition, it is also positive. The physics process presents
the change from the small black hole to the large black hole [22].
The last case is that when g > gm, there is no second-order phase transition.
As can be seen from FIG. 7, there is no divergent point. And when r > rs, the
heat capacity is positive, so the Bardeen black hole is stable.
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Fig. 5. Plot of the heat capacity of rh. We have set l = 1, and g = 0.0986571.
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Fig. 6. Partial enlarged drawing of FIG. 5 at divergent point.
III. CONCLUSIONS
Phase transitions for AdS black holes have been analyzed in thermodynamic vari-
ables. We study the Bardeen-AdS black hole, which has no singularity with a pa-
rameter g. We find the cut-off radius rs. When rh is small, the Bardeen-AdS black
hole is very unstable. This can be also read from Gibbs free energy and the heat
capacity. Moreover, different phenomena will turn on when the value of g is differ-
ent. We computed the critical value gm. When g < gm, there are two second-order
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Fig. 7. Plot of the heat capacity of rh. We have set l = 1, and g = 0.2.
phase transition points. Between the two points, the capacity is negative, which
is the unstable intermediate state. When g = gm, the two phase transition points
degenerate into one, which represents the change from a small black hole to a large
black hole. There is no second-order phase transition for g > gm. The stability of
the Bardeen-AdS black hole is also discussed from Gibbs free energy and the heat
capacity, both of them point to the same result.
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